In Section 2, we prove some basic results which are necessary for the subsequent arguments. We obtain a relation among maximal open sets in Theorem 2.5. At the end of this section, we show that for any proper nonempty cofinite open subset V , there exists, at least, one maximal open set U which contains V (Theorem 2.7).
In Section 3, we study some relations among closure, interior, and maximal open sets. As an application, we prove a result about a preopen set (Theorem 3.11).
Let ᐁ = {U λ | λ ∈ Λ} be a set of some maximal open sets U λ . Then, we refer to the intersection ∩ᐁ = ∩ λ∈Λ U λ as the radical of ᐁ. In the last two sections, we study various properties of radicals.
In Section 4, we prove fundamental properties of radicals of maximal open sets. We establish a very useful decomposition theorem for a maximal open set in Theorem 4.7. Theorem 4.7 will be applied to prove Theorem 4.8. Theorem 4.9 gives a sufficient condition for the set of all maximal open sets. In the rest of this section, we study the case when radicals are closed sets.
In Section 5, we consider the closure of the radicals of maximal open sets. We establish "The law of radical closure" in Theorem 5.4.
Maximal open sets.
Let (X, τ) be a topological space. 
Proof. We see that
(2.1) 
hence, 
Since V is a cofinite set, this process repeats only finitely. Then, finally, we get a maximal open set U = V n for some positive integer n.
Closure, interior, and maximal open sets.
We begin with the following theorem. (1) and (2) holds:
Theorem 3.1. Let U be a maximal open set and x an element of
Proof. Assume that (2) Proof. Since U is a maximal open set, only the following cases (1) and (2) occur by Corollary 3.3:
(1) for each x ∈ X −U and each open neighborhood W of x, we have X −U ⊊ W : let x be any element of X − U and W any open neighborhood of x.
an open set, U is a closed set. Therefore, U = Cl(U). Proof. Since U ⊊ X − {a} by our assumption, we have the result by Corollary 3.7. Proof. Since U ⊂ X − S ⊊ X by our assumption, we have the result by Theorems 3.6 and 3.9.
Proof. By Corollary 3.3, we have either (1) Int(X
− U) = ∅ or (2) Int(X − U) = X − U.X − U . Then, Cl(S) = X − U . Proof. Since ∅ ≠ S ⊂ X −U , we have W ∩S ≠ ∅ for any element x of X −U and any open neighborhood W of x by Theorem 3.1. Then, X −U ⊂ Cl(S). Since X − U is a closed set and S ⊂ X − U, we see that Cl(S) ⊂ Cl(X − U) = X − U . Therefore, X − U = Cl(S).
Corollary 3.7. Let U be a maximal open set and M a subset of X with
A subset M of a space (X, τ) is called a preopen set if M ⊂ Int Cl(M). Then, Corollary 3.7 implies the following result. Proof. Since U ⊂ X − {a} by our assumption, we have the result by Theorem 3.11. The intersection of all maximal ideals of a ring is called the (Jacobson) radical of [1, 3] . Following this terminology in the theory of rings, we use the terminology "radical" for the intersection of maximal open sets.
Fundamental properties of radicals
The symbol Λ \ Γ means difference of index sets; namely, Λ \ Γ = Λ − Γ , and the cardinality of a set Λ is denoted by |Λ| in the following arguments. 
Proof. By Corollary 4.5, we have
Proof. Let µ be an element of Λ. By Theorem 4.2(1), we have 
Since Λ is a finite set, we see that ∪ λ∈Λ\{µ} (X − U λ ) is a closed set. Hence, U µ is a closed set by our assumption.
As an application of Theorem 4.7, we give another proof of Theorem 4.6.
Another proof of Theorem 4.6. Since Λ ⊋ Γ ≠ ∅, there exists an element ν of Λ such that ν ∈ Γ and an element µ of Γ . If |Γ | = 1, then we have
Since U λ is a maximal open set for any element λ of Λ, we have U µ = U λ , which contradicts our assumption. Hence, we have ∩ λ∈Λ U λ ⊊ U µ . If |Γ | ≥ 2, then by Theorem 4.7, we have
Hence, we see that U ν ⊃ U µ . It follows that U ν = U µ with ν ≠ µ. This contradicts our assumption. 
Proof.
Since X − A ⊂ B, then we see that
(4.4)
Since A ∩ B and X − A are closed sets, we see that B is a closed set. Proof. Let µ be any element of Λ. Since U λ ∪ U µ = X for any element λ of Λ with λ ≠ µ, we have
(4.5)
Since U µ ∩(∩ λ∈Λ\{µ} U λ ) = ∩ λ∈Λ U λ is a closed set by our assumption, ∩ λ∈Λ\{µ} U λ is a closed set by Proposition 4.11. 
is not a closed set.
More about radicals of maximal open sets.
In this section, we study the closure of radicals. We begin with a proposition.
Proof. We see that X = Cl(∩ λ∈Λ U λ ) ⊂ Cl(U λ ). It follows that Cl(U λ ) = X for any element λ of Λ. Proof. Assume that Cl(U λ ) = X for any element λ of Λ. Let µ be an element of Λ. Since ∩ λ∈Λ\{µ} U λ is an open set, we have
On the other hand, we see that ∩ λ∈Λ U λ ⊂ ∩ λ∈Λ\{µ} U λ , and hence Cl(∩ λ∈Λ U λ ) ⊂ Cl(∩ λ∈Λ\{µ} U λ ). It follows that Cl(∩ λ∈Λ U λ ) = Cl(∩ λ∈Λ\{µ} U λ ). Then, by induction on the element of Λ, we see that Cl(∩ λ∈Λ U λ ) = Cl(U λ ) = X for an element λ of Λ. This contradicts our assumption that Cl(∩ λ∈Λ U λ ) ≠ X. Therefore, we see that there exists an element λ of Λ such that Cl(U λ ) = U λ .
Theorem 5.2 is not true when Λ is not a finite set, as we see by the following example. This example also shows that if Λ is not a finite set, then Theorem 4.8 is not always true. . The radical ∩ λ∈Γ U λ is a closed set since U λ is a closed set for any λ ∈ Γ by our assumption. Therefore, we see that Cl(∩ λ∈Λ U λ ) = ∩ λ∈Γ U λ .
As an application of Theorem 5.4, we give another proof of Theorem 4.8.
Another proof of Theorem 4.8. Let Γ be a subset of Λ such that
Cl U λ = U λ for any λ ∈ Γ , Cl U λ = X for any λ ∈ Λ \ Γ . (5.5)
